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Abstract
In matrix models, higher dimensional D-branes are obtained by imposing a noncommutative relation
to coordinates of lower dimensional D-branes. On the other hand, a dual description of this noncom-
mutative space is provided by higher dimensional D-branes with gauge fields. Fuzzy spheres can appear
as a configuration of lower dimensional D-branes in a constant R-R field strength background. In this
paper, we consider a dual description of higher dimensional fuzzy spheres by introducing nonabelian
gauge fields on higher dimensional spherical D-branes. By using the Born-Infeld action, we show that
a fuzzy 2k-sphere and spherical D2k-branes with a nonabelian gauge field whose Chern character is
nontrivial are the same objects when n is large. We discuss a relationship between the noncommutative
geometry and nonabelian gauge fields. Nonabelian gauge fields are represented by noncommutative
matrices including the coordinate dependence. A similarity to the quantum Hall system is also studied.
1
1 Introduction
String theory is considered as the best candidate for a quantum theory of gravity or a unified
theory of all interactions. Much attention has been given to noncommutative geometry because
it is expected to capture some aspects of the quantum gravity. Over the past few years several
papers have been devoted to the study of a relationship between noncommutative geometry and
string theory. The need of noncommutative geometry in string theory is easily understood by
considering a world-volume action of D-branes. D-branes are defined as the endpoints of open
strings. Since gauge fields appear in the ground state of open strings, the low energy dynamics
of D-branes is described by gauge fields. One of the most interesting aspects is the appearance
of nonabelian gauge symmetry from the world-volume theory of some coincident D-branes. A
low energy effective action of N D-branes is provided by the dimensional reduction of the ten-
dimensional U(N) Yang-Mills theory, and transverse coordinates of N D-branes are expressed by
U(N) adjoint scalars [1]. The appearance of this matrix-valued coordinate indicates relationships
between string theory and noncommutative geometry.
Concrete models for studying the nonperturbative properties of string theory are proposed in
[2, 3]. These matrix models are constructed by taking lower dimensional D-branes as fundamental
degrees of freedom. Since higher dimensional D-branes also exist in string theories, they need to
be contained in matrix models. It is important to understand relationships between D-branes of
different dimensions because higher dimensional ones are constructed form lower dimensional ones.
A study of a world-volume action for D-branes can reveal the relationship. The Chern-Simons
coupling indicates an interesting relationships between D-branes [4, 5, 6, 7]. Let us consider a
matrix model of D0-branes as a simple example. In this model, a D2-brane is represented by two
noncommutative matrices,
[X1,X2] = −iC121, (1)
where Xi are transverse coordinates of D0-branes [8, 2]. The commutator measures the charge
of D2-brane. In general, we can say that higher dimensional D-branes are expressed by noncom-
mutative geometry from lower dimensional D-branes. What has to be noticed is that the above
matrix configuration is not just a D2-brane but a bound state of D0-branes and a D2-brane. In
the world-volume theory of a D2-brane, D0-branes bounded on it are expressed by an abelian
gauge field configuration with a nonzero first Chern class, which is supported by the following
coupling:
µ2
∫
2+1
(
C(3) + C(1) ∧ F
)
, (2)
where C(k) represents R-R k-form field. This coupling implies that a gauge field on a D2-brane
couples to the R-R one-form field, which is associated with D0-branes. Therefore the first Chern
class provides the charge of D0-branes. This fact can be generalized to the fact that lower dimen-
sional D-branes bounded on higher dimensional D-branes are represented by gauge fields which
is topologically nontrivial. We then find that there are two descriptions for a system. If we start
with lower dimensional D-branes, higher dimensional D-branes are obtained by imposing a non-
commutative relation to coordinates of lower dimensional D-branes. On the other hand, on the
world-volume theory of higher dimensional D-branes, a gauge field with a nonvanishing Chern
2
number is needed to express lower dimensional D-branes. See also [9] for this correspondence.
These facts are extensively reviewed in [10, 11, 12].
In the previous paragraph, we showed an example of two dual descriptions for a bound state
of a flat D2-brane and D0-branes. A noncommutative plane is dual to a flat D2-brane with an
abelian gauge field. It is important to study two descriptions because the second description gives
another viewpoint for noncommutative geometry. This study helps us to understand the role
of noncommutative geometry in string theory. This correspondence is also expected to hold for
curved D-branes. A simple generalization is to consider the fuzzy sphere. A fuzzy two-sphere has
a dual description in terms of an abelian gauge field on a spherical D2-brane, and is interpreted
as a bound state of a spherical D2-brane and D0-branes [13, 7, 14, 15, 16, 17]. We need to
emphasize that gauge fields are abelian for both cases. A higher dimensional generalization is
an interesting subject since a higher dimensional fuzzy sphere has some characteristic features.
It is first constructed in [18], and further analyses revealed the interesting structures of higher
dimensional fuzzy sphere [19, 20, 21]. See also [22, 23, 24, 25, 26]. It is pointed out in [20] that
a fuzzy 2k-sphere is expressed by a coset space SO(2k + 1)/U(k), and therefore the dimension is
not 2k but k(k + 1). The number of the extra dimensions makes the higher dimensional fuzzy
sphere complicated. As analyzed in [27] for the k = 2 case, a nonabelian gauge field is needed to
realize a dual description of higher dimensional fuzzy spheres. The use of a nonabelian gauge field
is closely related to the existence of the extra dimensions. A dual aspect of higher dimensional
fuzzy spheres is partially discussed in [27, 20, 53, 46]. In this paper, we explicitly construct
a nonabelian gauge field to realize a dual description of higher dimensional fuzzy spheres and
compare two descriptions by using the Born-Infeld action. We see that two descriptions provide
the same result when the size n of matrices realizing the fuzzy sphere is enough large. Such
a analysis shows an interesting relationship between the noncommutativity on the fuzzy sphere
and the nonabelian gauge field. See also a recent work [28] which calculates D-brane charges for
various noncommutative configurations.
The organization of this paper is as follow. In section 2, we review the algebra of the fuzzy
2k-sphere. Some distinctive aspects of the higher dimensional fuzzy sphere are explained. We
consider N D0-branes in a constant R-R (2k+2)-form field strength background in section 3. An
action of D0-branes in the background is described by a matrix model with the Chern-Simons
term. We see that N D0-branes form a fuzzy 2k-sphere at a classical extremum of the matrix
model. This phenomenon is called the dielectric effect [7]. We calculate the value of the potential
for the fuzzy sphere. Since higher dimensional fuzzy spheres are realized at a local maximum of the
classical potential, they are classically unstable in this situation. To understand a dual description
of higher dimensional fuzzy spheres is a main part of this paper. We consider a world-volume
theory of spherical D2k-branes in section 4. A dual description of a fuzzy 2k-sphere is expected to
be given by a bound state of spherical D2k-branes and D0-branes. The D0-branes are represented
by a gauge field configuration with a nonzero Chern number. Such gauge fields are recently used
to construct a higher dimensional quantum Hall system in [29, 30, 31, 32]. An interesting fact for
the higher dimensional case is that the gauge field is nonabelian and expressed by using matrices
which are associated with a lower dimensional fuzzy sphere. This was also suggested in [21] by
studying a relationship between a higher dimensional fuzzy sphere and a lower dimensional fuzzy
3
sphere. A world-volume action of spherical D2k-branes with a (nonabelian) gauge field shows
two extrema, one of them corresponds to a fuzzy 2k-sphere in the matrix model description.
We compare some quantities such as the potential, the radius of sphere and the charge of lower
dimensional D-branes in two descriptions, and it is shown that these two descriptions coincide at
large n. Accordingly we conclude that a fuzzy 2k-sphere and spherical D2k-branes with an SO(2k)
nonabelian gauge field are the same objects at large n. In section 5, we discuss a relationship
between the noncommutativity and nonabelian gauge fields. It is explained that a nonabelian
gauge field is described by a matrix including the coordinate dependence. We can observe an
interesting mixing between the noncommutativity of coordinates and that of nonabelian gauge
fields. We also provide an explanation about the large n limit by studying the lowest Landau level
condition in a higher dimensional quantum Hall system. A relation to the zero slope limit in [47]
is also discussed. Section 6 devotes to summary and discussions. In appendix A, we summarize
some formulae of the fuzzy sphere. In appendix B, we review the construction of monopole gauge
fields on even dimensional spheres.
2 Fuzzy Sphere
In this section, we review the algebra of fuzzy sphere in diverse dimensions. Our interest in this
paper is restricted to even dimensional spheres. Odd-dimensional fuzzy spheres are investigated
in [33, 34].
We first explain the fuzzy two-sphere [35, 36, 13, 37, 38]. A coordinate of a fuzzy two-sphere
is given by the SU(2) algebra;
[Xµ,Xν ] = 2iαǫµνλXλ, Xµ = αLµ, (3)
where Lµ denotes the spin n/2-representation of SU(2), and α is a dimensionful constant. n can
take any positive integers. The quadratic Casimir of SU(2) provides the radius of the two-sphere;
r2 ≡ XµXµ = α2LµLµ = α2n(n+ 2)1n+1. (4)
In this realization, the size (n+ 1) of the matrix is interpreted as the number of D0-branes.
Let us now consider the place which is labelled by L3 = n, which corresponds to the north pole
of a two-sphere. Around this point, the fuzzy two-sphere algebra (3) becomes a noncommutative
plane after we take a large n limit,
[Xµ,Xν ] = 2iα
2nǫµν1. (5)
In this sense, the fuzzy sphere algebra is considered as a generalization of a noncommutative plane.
We next review the algebra of higher dimensional fuzzy spheres [18, 19, 20, 21]. It is natural
to start with the SO(2k + 1) algebra since it is a symmetry of a 2k-sphere,
[Gˆµν , Gˆλρ] = 2
(
δνλGˆµρ + δµρGˆνλ − δµλGˆνρ − δνρGˆµλ
)
. (6)
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An important fact is that any representations of this algebra do not always construct a fuzzy
sphere. We have to consider a representation whose highest weight state is labelled by [0, · · · , 0, n],
where n is a positive integer. We have used the Dynkin index to label the representation. This
representation is considered as a generalization of the spinor representation since Gˆµν reduces to
Γµν when n = 1. Note that Gˆµν is explicitly constructed from Γµν by using a symmetric tensor
product as in [18, 19] (see also [50] for the detailed calculation).
We denote the size of the matrix representation by Nk. It is calculated as [19]:
N1 = n+ 1, N2 =
1
6
(n+ 1)(n + 2)(n + 3),
N3 =
1
360
(n+ 1)(n + 2)(n + 3)2(n+ 4)(n + 5),
N4 =
1
302400
(n+ 1)(n + 2)(n + 3)2(n+ 4)2(n + 5)2(n+ 6)(n + 7). (7)
The k = 1 case is included in this table. A big difference between a fuzzy two-sphere and a fuzzy
2k-sphere (k 6= 1) is that N1 can take any positive integers while Nk (k 6= 1) cannot. We provide
some comments on this point in section 6.
Coordinates of a 2k-sphere are included in Gˆµν
1. It is convenient to introduce Gˆµ which
satisfy
[Gˆµ, Gˆν ] = 2Gˆµν ,
[Gˆµ, Gˆνλ] = 2
(
δµνGˆλ − δµλGˆν
)
. (8)
When n = 1, Gˆµ becomes the (2k+1)-dimensional gamma matrix Γµ. We can define coordinates
of a fuzzy 2k-sphere as Xµ = αGˆµ because of the following relation
GˆµGˆµ = n(n+ 2k)1Nk . (9)
The radius of a fuzzy 2k-sphere is
r2 = α2n(n+ 2k). (10)
Other relations for Gˆµ and Gˆµν are summarized in appendix A.
Gˆµ and Gˆµν really form the SO(2k + 2) algebra. If we define Σµν ≡ Gˆµν and Σ2k+2,µ ≡ iGˆµ,
Σab (a, b = 1, · · · , 2k + 2) satisfy the SO(2k + 2) algebra, belonging to an irreducible spinor
representation of SO(2k + 2).
Let us define a noncommutative scale on a fuzzy sphere. A commutator of coordinates is given
by α2Gˆµν , and the order of Gˆµν is n due to the relation (A.3). Therefore a noncommutative scale
lnc can be defined as follows,
l2nc ≃ α2n ≃ r2/n. (11)
We now comment on the number of independent matrices. Gˆµ and Gˆµν have (2k + 1) and
k(2k + 1) components respectively. Although there are totally (k + 1)(2k + 1) components, each
component is not independent because of some constraints between them. The number of inde-
pendent components is really given by k(k + 1). This is understood by considering the fact that
1
iGˆ5a are naturally identified with coordinates around the north pole.
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the fuzzy 2k-sphere is given by the coset space SO(2k+1)/U(k) [20]. The difference between the
fuzzy sphere which is given by SO(2k + 1)/U(k) and the usual sphere by SO(2k + 1)/SO(2k) is
important. It is shown in [20] that a fuzzy sphere has a bundle structure over a usual sphere.
Accordingly higher dimensional fuzzy spheres have some extra dimensions. Coordinates of the
extra dimensions are also noncommutative, and a noncommutative scale of the extra space is also
given by (11). In the remainder of this paper, we clarify this unusual aspect by considering the
dual description of the fuzzy sphere.
3 D0-branes under R-R field strength background
In this section, we consider a collection of D0-branes in a constant R-R field strength back-
ground. A coupling of D0-branes with the R-R field strength background induces an interesting
effect. D0-branes are polarized into a higher dimensional noncommutative geometry, which is
called the dielectric effect [7]. A low energy dynamics of D0-branes in such a background is de-
scribed by a matrix action. We will see that transverse coordinates of D0-branes form a fuzzy
sphere at an extremum of the model. Some works investigating higher dimensional D-branes in
such a background have been reported in [39, 40].
The tension and the charge of a Dp-brane are defined as
Tp = µp =
2π
g(2πls)p+1
. (12)
We also define λ ≡ 2πl2s . In this notation, the charge of a Dp-brane is related to that of a D0-brane
as µ0 = (2πλ)
p/2µp. Basically we follow the notation of [7].
The dynamics of a world-volume theory of D-branes is described by the Born-Infeld action
[41] and the Chern-Simons action [4, 5]. The case of nonabelian was developped in [6, 7]. The
Born-Infeld action for N D0-branes in a flat space, with all other fields except transverse scalar
fields vanishing, is given by
SBI = −T0
∫
dtTr
√
det(Qij) ≃ −T0
∫
dt
(
N − λ
2
4
Tr[Φi,Φj][Φi,Φj ]
)
, (13)
where we have expanded the square root by assuming the condition λ[Φi,Φj] ≪ 1. This action
can describe a low energy dynamics of N D0-branes in a flat space. Φi is an N ×N matrix-valued
coordinate whose dimension is length−1, representing a transverse motion of N D0-branes. We
define a coordinate whose dimension is length as Xi = λΦi. The second term in (13) is also
obtained form the dimensional reduction of the ten-dimensional U(N) super Yang-Mills action.
We next consider the Chern-Simons term. A coupling of N D0-branes to the R-R potential is
given [6, 7] by
SCS = µ0
∫
Tr
(
P [eiλiΦiΦ
∑
C(n)]
)
= µ0
∫
Tr
(
P
[
C(1) + iλiΦiΦC
(3) − λ
2
2
(iΦiΦ)
2C(5)
6
−iλ
3
3!
(iΦiΦ)
3C(7) +
λ4
4!
(iΦiΦ)
4C(9)
])
. (14)
In this action, we considered a case where the NS-NS two-form field B and the gauge field strength
F vanish. The notation P [· · ·] denotes the pull back of the spacetime tensor to the world-volume,
and acts on C(1) as
P [C(1)]t = Cµ
∂Xµ
∂t
= Ct + λCi
∂Φi
∂t
. (15)
We must draw attention to the fact that the R-R fields are functional of transverse scalar fields
Φ. The dependence is actually defined by using a non-abelian Taylor expansion [42];
C(t,Φ) =
∞∑
n=0
λn
n!
Φi1 · · ·Φin(∂xi1 · · · ∂xin )C(t, x) |x=0 . (16)
The symbol iΦ is introduced in [7], and denotes the following operation,
iΦiΦC
(2) = ΦjΦiC
(2)
ij . (17)
We now consider a case where only a constant R-R (2k + 2)-form field strength is nonzero:
F
(2k+2)
ti1...i2k+1
= fkǫi1...i2k+1 , (18)
where fk is a constant and determined later. Then we find that the leading order interaction term
is obtained from the Chern-Simons term (14) as
SCS = − 1
(2k + 1)
ik
k!
λk+1µ0
∫
dtTr(Φi1 · · ·Φi2k+1)F (2k+2)ti1...i2k+1
= − 1
(2k + 1)
ik
k!
λk+1fkµ0
∫
dtTr(Φi1 · · ·Φi2k+1)ǫi1...i2k+1 . (19)
By combining (13) with (19), a low energy effective scalar potential of N D0-branes in a
constant R-R (2k + 2)-form field strength background is found to be
V = λ2T0
(
−1
4
Tr[Φi,Φj ][Φi,Φj ] +
1
(2k + 1)
ik
k!
λk−1fkTr(Φi1 · · ·Φi2k+1)ǫi1...i2k+1
)
, (20)
where we have ignored the energy of N D0-branes, NT0, which is not important in this discussion.
The indices i, j run over 1, 2, · · · , 2k+ 1. fk is determined by requiring the condition that a fuzzy
2k-sphere becomes a classical solution of this matrix model. The equation of motion for the matrix
model (20) is
[Φj , [Φi,Φj ]]− i
k
k!
λk−1fkΦi2 · · ·Φi2k+1ǫii2...i2k+1 = 0. (21)
We substitute the following ansatz
Xi = λΦi = αGˆ
(k)
i (22)
into the above equation. The radius of a fuzzy 2k-sphere is r2 = α2n(n+2k) as in (10). We easily
find that fk should be given by
f1 =
4α
λ
, f2 =
4
α(n + 2)
, f3 =
3λ
α3(n+ 2)(n + 4)
, f4 =
2λ2
α5(n+ 2)(n + 4)(n + 6)
. (23)
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Note that fk depends on n when k takes 2, 3, 4. These fk are compactly denoted by
fk = −(−i)k 8k
Ck
k!α−2k+3λk−2, (24)
where Ck is defined in (A.7). We can evaluate the value of the potential (20) for the fuzzy 2k-sphere
solution (22) as
Vk = 2k
(
1− 4
2k + 1
)
T0
α4
λ2
n(n+ 2k)Nk. (25)
It must be noted that V1 is negative while Vk(k = 2, 3, 4) are positive.
Let us comment on another classical solution. A set of commuting matrices
[Φi,Φj ] = 0 (26)
is also a classical solution. Since Φi commute each other, they are simultaneously diagonalized
and represent a set of N separated D0-branes. The potential energy (20) for this solution is
zero. Since Vk in (25) is positive when k = 2, 3, 4, a fuzzy 2k-sphere is unstable and is expected
to collapse into the solution (26). This situation is opposite to the case of fuzzy two-sphere.
Since the potential energy of a fuzzy two-sphere is lower than that of the solution (26), a fuzzy
two-sphere is classically stable [7]. This is one of differences between fuzzy two-sphere and fuzzy
2k-sphere (k 6= 2). Another difference can be found by noticing that fk depends on n when
k takes 2, 3, 4. Due to the n dependence of fk, reducible representations cannot be classical
solutions. (If we require a reducible representation to be a classical solution of the model, an
irreducible representation cannot. ) Taking account of these differences, the classical dynamics of
higher dimensional fuzzy sphere is completely different from that of fuzzy two-sphere.
A fuzzy 2k-sphere is obtained by a matrix representation of the size Nk, where Nk is defined
in (7). The size of matrix Nk is interpreted as the number of D0-branes. Since the value of Nk is
restricted, the number of D0-branes is restricted to realize spherical D2k-branes from D0-branes.
In the next section, Nk is compared to the Chern number ck on spherical D2k-branes.
4 Dual description of fuzzy sphere
In the previous section, we realized a higher dimensional fuzzy sphere as a classical solution
of a matrix model of D0-branes. Noncommutative geometry is fully used in this description. The
classical solution is really a bound state of D2k-branes and D0-branes. On the other hand, we
have a dual description. From the viewpoint of a world-volume theory on D2k-branes, D0-branes
bounded on them are expressed by a nontrivial gauge field configuration. The Chern character
of it expresses the charge of D0-branes. In this section, we study a dual description of the higher
dimensional fuzzy sphere 2. This study helps us to understand some unusual aspects of higher
dimensional fuzzy spheres. We consider a system of spherical D2k-branes and gauge fields on them
2A dual description of fuzzy four-sphere and fuzzy six-sphere is discussed in [27, 46] in the context of a fuzzy
funnel solution. In this paper, we focus on a relationship between noncommutative geometry and (nonabelian)
gauge fields. Some parts of the calculation in these papers overlap with those in our paper.
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in a constant R-R (2k+2)-form field strength background, and compare the potential energy with
(25). This calculation is done by using the Born-Infeld action. It is shown that two descriptions
coincide in the limit of large n.
Notation of indices in this section is as follows, µ, ν = 1, 2, · · · , 2k + 1 and α, β = 1, 2, · · · , 2k.
a,b are used for the world-volume indices.
4.1 Dual description of fuzzy four-sphere
We first consider a dual description of the fuzzy four-sphere. An instanton solution on a
four-sphere space is constructed in [52], and it is given in (B.19);
Aα = − 1
2r(r + x5)
ηiαβxβσi, A5 = 0, (27)
where ηiαβ is the ’t Hooft symbol. The gauge group of the instanton is SU(2). To relate this
description with fuzzy sphere, we need to replace σi with Li, where Li is the spin n/2 representation
of SU(2). The instanton number is defined as
c2 = − 1
8π2
∫
S4
Tr (F ∧ F ) . (28)
The minus sign is our convention. Since the instanton configuration (27) has the SO(5) symmetry,
we can use the value of F at the north pole to simplify the calculation. From (B.23), the field
strength at the north pole (xα = 0, x5 = r) is given by
Fαβ =
1
2r2
ηiαβLi, F5α = 0. (29)
We now calculate the Chern numbers, which provide the charges of lower dimensional D-branes.
Since c1 = trF = 0, there are no net D2-brane charge. As can be understood from the fact that
Li form a fuzzy two-sphere, positive charges and negative charges cancel each other. It is locally
nonzero as shown in section 5. c2 is evaluated as follow,
c2 = − 1
8π2
1
4
Ω4r
4Tr (ǫαβγδFαβFγδ)
=
1
16π2
Ω4Tr(LiLi)
=
1
6
n(n+ 1)(n + 2) ≡ c¯2. (30)
This corresponds to the number of D0-branes. Therefore a bound state of c¯2 D0-branes
3 and
(n + 1) D4-branes is realized by introducing the SU(2) gauge field. Fab in (29) satisfies the
following (anti-)self-dual relation,
ǫαβγδF
γδ = −2Fαβ . (31)
3Due to the minus sign of c2, it is really a bound state of anti-D0-branes and D4-branes.
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Let us consider the world-volume action for (n+ 1) D4-branes with the gauge field (27). The
Born-Infeld action for nonabelian D4-branes is given by
SBI = −T4
∫
d4+1σStr
√
− det(P [G+ λF ]ab). (32)
It is assumed that D4-branes are static and spherical. We fix the position of the D4-branes as
xi = 0 (i = 6, · · · .9) and x5 = r, and adopt the static gauge xa = σa (a = 0, 1, · · · , 4) around the
north pole. The pullback P [· · ·] is calculated as
P [G+ λF ]ab = (Gµν + λFµν)
∂xµ
∂σa
∂xν
∂σb
= Gab + λFab +Gi(a∂b)x
i + λFi[a∂b]x
i + (Gij + λFij)∂ax
i∂bx
j
→ Gab + λFab. (33)
The determinant is evaluated by using these assumptions as
− det(Gab + λFab) = 1 + λ
2
2
FαβFαβ +
λ4
64
(FαβFγδǫ
αβγδ)2
=
(
1 +
λ2
4
FαβFαβ
)2
, (34)
where we have evaluated it around the north pole of a four-sphere by using the rotation symmetry,
and a flat metric Gab = ηab was used. From the first line to the second line, the self-dual condition
(31) has been used. In this calculation, we have regard F as commutative in spite of its nonabelian
property, which is justified since the determinant is in the symmetrized trace [43]. Then the Born-
Infeld action is calculated as
S = −T4
∫
d4+1σStr
√
− det(P [G + λF ]ab)
= −T4
∫
dt
(
(n+ 1)Ω4r
4 + c¯24π
2λ2
)
= −
∫
dt
(
(n+ 1)T4Ω4r
4 + c¯2T0
)
, (35)
where Ω4 = 8π
2/3 is the volume of a four-sphere with unit radius. The first term corresponds to
the energy of (n+ 1) spherical D4-branes with the radius r, and the second term is the energy of
c¯2 D0-branes.
We next consider the Chern-Simons coupling. We are now considering a case where only R-R
six-form field strength is nonzero. The background R-R six-form field strength (18) can provide
the following five form potential after we use a gauge choice,
C
(5)
t1234 =
1
5
f2x5 ≃ 1
5
f2r, (36)
where we have evaluated around the north pole x5 ≃ r. Then the Chern-Simons term is calculated
as
SCS = µ4Tr
∫
C(5)
10
= µ4Tr
∫
dt
∫
d4x
(
1
5
f2r
)
= µ4
∫
dt
(
(n+ 1)
1
5
f2Ω4r
5
)
. (37)
By combining the contributions from the Born-Infeld action (35) and the Chern-Simons action
(37), the potential energy for D4-branes is provided by
V (r) = c¯2T0 + T4Ω4(n+ 1)
(
r4 − f2
5
r5
)
. (38)
We regard this potential as a function of r. It has two extrema, one is given by r = 0 and another
is
r =
4
f2
= α(n + 2) ≡ r⋆. (39)
At the first extremum, D4-branes cannot have a nonzero radius and only c¯2 D0-branes can exist.
The second one is related to a fuzzy four-sphere solution. r⋆ is the radius of the four-sphere, and
can be compared to the radius of a fuzzy four sphere which is given in (10). Because both becomes
αn at large n, two descriptions provide the same radius at large n.
From the shape of the potential, the first extremum is a local minimum, while the second one
is a local maximum. Therefore the spherical configuration is classically unstable against a small
fluctuation. This situation is the same as one encountered in the previous section.
We now calculate the value of the potential for the spherical solution. By substituting r = r⋆
into V (r), we have
V (r⋆)− c¯2T0 = T0 2
15
α4
λ2
(n + 1)(n + 2)4 ≃ T0 2
15
α4
λ2
n5. (40)
This should be compared with V2, which is obtained in (25);
V2 = T0
2
15
α4
λ2
n(n+ 1)(n + 2)(n + 3)(n + 4) ≃ T0 2
15
α4
λ2
n5. (41)
These two values agree at large n. We can also compare the D0-brane charge. In the first
description, the size of the matrix represents the D0-brane charge and it is given by N2. On the
other hand, it is c¯2 in the second description. Both behave n
3/6 at large n. We have compared
three quantities, the potential energy, the radius and the D0-brane charge. All of them gave the
same values in two descriptions when n is large. This result leads to the conclusion that a fuzzy
four-sphere is the same object as spherical D4-branes with an SU(2) monopole gauge field at large
n.
Let us comment on the validity of these two descriptions [27, 12]. We first considered the
world-volume theory of D0-branes. The assumption λ[Φi,Φj] ≪ 1 was used to derive the low
energy effective action of D0-branes (13). Since this condition is rewritten as
l2nc ≃
r2
n
≪ l2s , (42)
the noncommutative scale lnc, which is defined in (11), has to be much smaller than the string
scale ls. On the other hand, the computations by using the world-volume action of D2k-branes
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can be trusted as long as the field strength is slowly varying | ls∂F |≪| F |. This condition is
satisfied when the radius is much larger than the string scale;
ls ≪ r. (43)
If r satisfies the following region
ls ≪ r≪
√
nls, (44)
both of (42) and (43) are satisfied. It is sometimes convenient to rewrite (44) as
ls√
n
≪ lnc ≪ ls. (45)
We can expect the agreement of two descriptions in a large region by taking a large n limit. This
is the reason why we could obtain the agreement of two descriptions in a large n limit. We can
provide another explanation in section 5.
4.2 Dual description of fuzzy six-sphere
We next consider a dual description of a fuzzy six-sphere. The idea is basically the same as
the case of fuzzy four-sphere.
We begin by introducing an SO(6) gauge field on a six-sphere which is obtained in (B.26):
Aα =
−i
2r(r + x2k+1)
ΣNβαxβ, A7 = 0 (46)
where ΣNαβ = (Σ
N
ij ,Σ
N
6i) = (γij , iγi) = (
1
2 [γi, γj ], iγi), γi (i = 1, · · · , 5) is the five-dimensional
gamma matrix, whose explicit representation is provided in (B.17). ΣNαβ transforms in a spinor
representation of SO(6). To make a connection to fuzzy sphere, we need to consider a higher
dimensional representation of SO(6). Such a representation was already obtained in section 2,
and the k = 2 case is relevant in the present case. Then we replace the five-dimensional gamma
matrices γi and γij with higher dimensional representations Gˆ
(2)
i and Gˆ
(2)
ij . The index (2) was
added to emphasize that the matrices are related to the k = 2 case in section 2. Accordingly ΣNαβ
is replaced with ΣˆNαβ = (Σˆ
N
ij , Σˆ
N
2k,i) ≡ (Gˆ(2)ij , iGˆ(2)i ). Since these matrices are realized by the size
N2 which is defined in (7), the gauge field becomes an N2 ×N2 matrix. A interesting fact is that
these matrices construct a fuzzy four-sphere.
Before we begin calculations, let us explain the meaning of the index N in ΣˆNαβ. We consider
the N3-dimensional irreducible representation of SO(7), which is denoted by Gˆ
(3)
µν (µ, ν = 1, · · · , 7).
As is explained in section 2, it is associated with a fuzzy six-sphere. We now restrict our interest
to a subalgebra Gˆ
(3)
αβ (α, β = 1, · · · , 6), which forms the SO(6) algebra. Gˆ(3)αβ is reducible, and is
characterized by the eigenvalues of Gˆ
(3)
7 = diag(n, n − 2, · · · ,−n + 2 − n). Gˆ(3)7 is a generalized
chirality matrix. We consider a subspace which is labelled by Gˆ
(3)
7 = n1, which corresponds to
the North pole of a fuzzy six-sphere. It can be shown that the size of the unit matrix 1 is N2.
This Gˆ
(3)
αβ which is labelled by Gˆ
(3)
7 = n1 is nothing but Σˆ
N
αβ . We added the index N to clarify a
relationship between the fuzzy six-sphere and the SO(6) nonabelian gauge field.
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The field strength at the north pole (xα = 0, x7 = r), which is calculated in (B.27), is
Fαβ = − i
2r2
ΣˆNαβ, F7α = 0. (47)
The calculation of the Chern numbers is easily done by making full use of some formulae in
appendix A. The first and second Chern numbers are calculated as c1 = TrF ≃ TrΣαβ = 0 and
c2 ∼ Tr (F ∧ F )
∼ ǫα1α2α3α4Tr (Fα1α2Fα3α4)
∼ ǫi1i2i3i4Tr
(
Gˆ
(2)
i1i2
Gˆ
(2)
i3i4
)
+ ǫi1i2i3Tr
(
Gˆ
(2)
i1i2
Gˆ
(2)
i3
)
∼ Tr
(
Gˆ
(2)
i
)
+ Tr
(
Gˆ
(2)
ij
)
= 0. (48)
The net charge of D2-branes and that of D4-branes vanish. This is equivalent to the fact that
the net charge of a fuzzy two-sphere and that of a fuzzy four-sphere are zero. The third Chern
number is
c3 =
1
48π3
∫
S6
Tr (F ∧ F ∧ F )
=
1
48π3
1
8
Ω6r
6
6∑
αi=1
Tr (Fα1α2Fα3α4Fα5α6) ǫα1α2α3α4α5α6
=
1
512π3
Ω6
5∑
ii=1
Tr
(
Gˆ
(2)
i1
Gˆ
(2)
i2
Gˆ
(2)
i3
Gˆ
(2)
i4
Gˆ
(2)
i5
)
ǫi1i2i3i4i5
=
1
512π3
Ω6(8n + 16)Tr(Gˆ
(2)
i Gˆ
(2)
i )
=
1
360
n(n+ 1)(n + 2)2(n+ 3)(n + 4) ≡ c¯3. (49)
Ω6 = 16π
3/15 is the volume of a six-sphere with unit radius. This corresponds to the number of
D0-branes, and can be compared with N3 in (7). We easily find that these coincide at large n.
The use of the nonabelian gauge field (46) allows us to construct a bound state of c¯3 D0-branes
and N2 D6-branes. We note that (47) satisfies
ǫα1α2α3α4α5α6F
α3α4Fα5α6 =
4
r2
(n+ 2)Fα1α2 , (50)
which is a natural generalization of a self-dual equation of the instanton.
We now consider a world-volume action for N2 D6-branes with the gauge field (47). The
Born-Infeld action is
SBI = −T6
∫
d6+1σStr
√
− det(P [G+ λF ]ab). (51)
The determinant is evaluated as follows,
− det(Gab + λFab) = 1 + λ
2
2
FαβFαβ
+
λ4
128
(Fα1α2Fα3α4ǫ
αβα1α2α3α4)(Fβ1β2Fβ3β4ǫ
αββ1β2β3β4)
+
λ6
2304
(ǫα1α2α3α4α5α6Fα1α2Fα3α4Fα5α6)
2
13
= 1 +
3
4
(
λ
r2
)2
n(n+ 6) +
3
16
(
λ
r2
)4
n(n+ 2)2(n+ 6)
+
1
64
(
λ
r2
)6
n2(n+ 2)2(n+ 4)2
≃ 1 + 3
4
(
λn
r2
)2
+
3
16
(
λn
r2
)4
+
1
64
(
λn
r2
)6
, (52)
where we have assumed a large n to obtain the last expression. We define y ≡ r2/λn. The
Born-Infeld action becomes
SBI/
∫
dt = −T6Ω6r6N2
√
1 +
3
4y2
+
3
16y4
+
1
64y6
= −T6Ω6r6N2 1
8y3
√
1 + 12y2 + 48y4 + 64y6
≃ −T6Ω6r6N2
(
1
8y3
+
3
4y
+O(y)
)
≃ −c¯3T0 − 3
4
T6N2Ω6r
4λn. (53)
To arrive the last expression, we have expanded the square root by assuming the condition y ≪ 1.
The use of this assumption is valid since it satisfies (44). We next consider the coupling of D6-
branes to the external R-R field. The constant R-R eight-form field strength background (18)
provides the following R-R seven-form field in a certain gauge,
C
(7)
t123456 =
1
7
f3x7 ≃ 1
7
f3r. (54)
The Chern-Simons term is calculated as
SCS = µ6
∫
dt
(
N2
f3
7
Ω6r
7
)
, (55)
and the potential for the D6-branes is provided by
V (r) = c¯3T0 + T6Ω6N2
(
3
4
λnr4 − f3
7
r7
)
. (56)
The first term represents the rest energy of c¯3 D0-branes. We search for extrema of this potential
by regarding it as a function of r. We can find two extrema, one is trivial extremum r = 0, and
another is
r = 3
√
3λn
f3
= 3
√
α3n(n+ 2)(n + 4) ≃ αn ≡ r⋆. (57)
This extremum corresponds to a fuzzy six-sphere solution in the matrix model of D0-branes. The
radius of this spherical solution agrees with that of the fuzzy six sphere (10) at large n. The
potential value for this extremum is found to be
V (r⋆)− c¯3T0 ≃ T0 1
140
α4
λ2
n8. (58)
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We recall the D0-brane calculation in the previous section;
V3 = T0
1
140
α4
λ2
n(n+ 1)(n + 2)(n + 3)2(n+ 4)(n + 5)(n + 6)
≃ T0 1
140
α4
λ2
n8. (59)
V (r⋆) and V3 give the same value including the coefficient when n is large. These results manifest
the fact that a fuzzy six-sphere of the matrix size N3 is the same object as N2 spherical D6-branes
with a nonabelian SO(6) gauge field.
4.3 Dual description of fuzzy eight-sphere
It is straightforward to generalize the calculations in the previous two cases to a dual description
of a fuzzy eight-sphere. The detailed calculations are almost analogous to the previous cases. We
start with an SO(8) monopole field on an eight-sphere;
Aα =
−i
2r(r + x2k+1)
ΣNβαxβ, A9 = 0 (60)
where ΣNαβ = (Σ
N
ij ,Σ
N
8i) = (γij , iγi), and γi (i = 1, · · · , 7) is the seven-dimensional gamma matrix.
The gauge field belongs to a spinor representation of SO(8). To construct a higher dimensional
representation, we replace ΣNαβ with Σˆ
N
αβ ≡ (Gˆ(3)ij , iGˆ(3)i ). The index (3) means that these are the
matrices of the k = 3 case in section 2. These are realized by an N3 ×N3 matrices, where N3 is
presented in (7). Note that Gˆ
(3)
ij and Gˆ
(3)
i construct a fuzzy six-sphere.
The gauge field strength is calculated in (B.27), and it becomes the following form at the north
pole (xα = 0, x9 = r);
Fαβ = − i
2r2
ΣˆNαβ, F9α = 0. (61)
The vanishing of the Chern numbers c1 = c2 = c3 = 0 is shown by the analogous calculations to
(48) with the help of some properties of Gˆ
(3)
i and Gˆ
(3)
ij . Therefore the net charge of D2k
′-brane
(k′ = 1, 2, 3), which forms a fuzzy 2k′-sphere, is zero. The forth Chern number is nonzero;
c4 = − 1
4!(2π)4
∫
S8
Tr (F ∧ F ∧ F ∧ F )
= − 1
4!(2π)4
1
24
Ω8r
8
8∑
αi=1
Tr (Fα1α2Fα3α4Fα5α6Fα7α8) ǫα1α2α3α4α5α6α7α8
=
i
4!(2π)4
1
25
Ω8
7∑
ii=1
Tr
(
Gˆ
(3)
i1
Gˆ
(3)
i2
Gˆ
(3)
i3
Gˆ
(3)
i4
Gˆ
(3)
i5
Gˆ
(3)
i6
Gˆ
(3)
i7
)
ǫi1i2i3i4i5i6i7
=
1
302400
n(n+ 1)(n + 2)2(n+ 3)2(n+ 4)2(n+ 5)(n + 6) ≡ c¯4. (62)
Ω8 = 32π
4/105 is the volume of an eight-sphere with unit radius. This represents the number of
D0-branes. We can confirm the agreement with N4 at large n. We note that (61) satisfies
ǫα1α2α3α4α5α6α7α8F
α3α4Fα5α6Fα7α8 = −12
r4
(n+ 2)(n + 4)Fα1α2 . (63)
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Let us next consider a world-volume theory on D8-branes. The dynamics of D8-branes with a
gauge field is described by the Born-Infeld action;
SBI = −T8
∫
d8+1σStr
√
− det(P [G+ λF ]ab). (64)
The determinant around the north pole becomes
− det(Gab + λFab) = 1 + λ
2
2
FαβFαβ
+
λ4
1536
(Fα1α2Fα3α4ǫ
αβγδα1α2α3α4)(Fβ1β2Fβ3β4ǫ
αβγδβ1β2β3β4)
+
λ6
4608
(
ǫαβα1α2α3α4α5α6Fα1α2Fα3α4Fα5α6
)(
ǫαββ1β2β3β4β5β6Fβ1β2Fβ3β4Fβ5β6
)
+
λ8
147456
(ǫα1α2α3α4α5α6α7α8Fα1α2Fα3α4Fα5α6Fα7α8)
2 . (65)
By assuming the condition r2 ≪ λn, and using (63) and some formulae in appendix A, the
resulting action is
SBI ≃
∫
dt
(
−c¯4T0 − 1
2
T8N3Ω8r
4λ2n2
)
. (66)
The Chern-Simons term is also calculated as
SCS = µ8
∫
dt
(
N3
f4
9
Ω8r
9
)
, (67)
where we have used the fact that the R-R field is given by the following form in a certain gauge,
C
(9)
t12345678 =
1
9
f4x9 ≃ 1
9
f4r. (68)
Therefore the dynamics of static D8-branes with the gauge field in a constant R-R field strength
background is described by
V (r) = c¯4T0 + T8Ω8N3
(
1
2
r4λ2n2 − f4
9
r9
)
. (69)
This potential indicates two extrema, r = 0 and
r = 5
√
2λ2n2
f4
≃ αn ≡ r⋆. (70)
The second one can be compared with the radius of a fuzzy eight-sphere. r⋆ surely agrees with
the radius of a fuzzy eight-sphere at large n. The potential value for r = r⋆ is
V (r⋆)− c¯4T0 ≃ T0 1
68040
α4
λ2
n12. (71)
This presents the same large n behavior as V4 including the numerical coefficient. One can state
that a fuzzy eight-sphere is the same object as D8-branes with the nonabelian gauge field (60)
when n is large.
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5 Noncommutativity and nonabelian gauge field
In the previous sections, we considered two world-volume theories. Since they provide the
same values for various quantities at large n, they are supposed to be the same thing. In this
section, we discuss a concrete correspondence of them by noticing a relationship between the
noncommutativity of fuzzy sphere and nonabelian gauge fields. The results presented in the
previous section confirmed that a fuzzy 2k-sphere is dual to D2k-branes with an SO(2k) nonabelian
gauge field. An interesting fact is that the nonabelian gauge field on D2k-branes is expressed by
matrices which are related to the fuzzy (2k−2)-sphere. We recall the gauge field strength evaluated
at the north pole (xα = 0, x2k+1 = r);
Fαβ = − i
2r2
ΣˆNαβ, (72)
where ΣˆNαβ = (Σˆ
N
ij , Σˆ
N
2k,i) = (Gˆ
(k−1)
ij , iGˆ
(k−1)
i ) (i = 1, · · · , 2k − 1). The matrices Gˆ(k−1)ij and Gˆ(k−1)i
are realized by the Nk−1-dimensional irreducible representation of SO(2k − 1), forming the fuzzy
(2k − 2)-sphere algebra.
A commutation relation of coordinates of a 2k-fuzzy sphere is given by the first equation in (8).
This relation reduces to the following relation at the north pole of a fuzzy 2k-sphere (Gˆ2k+1 = n),
[GˆNα , Gˆ
N
β ] = 2Gˆ
N
αβ , (73)
where α, β = 1, · · · , 2k. We should not confuse two kinds of the north pole. As is explained in
4.2, GˆNαβ is the same matrix as Σ
N
αβ. Both are realized by an Nk−1-dimensional representation of
SO(2k). Since the two descriptions agree in the large n limit, we may combine two relations (72)
and (73) only in the large n limit. Therefore we are led to the following noncommutative relation
for coordinates of a sphere,
[Xα,Xβ] = 4iα
2r2Fαβ , (74)
where Xα = αGˆ
N
α . We have identified the noncommutative coordinates with commutative coor-
dinates in the dual description, and the noncommutativity of coordinates has been given by the
field strength. This relation suggests the identification of the noncommutative coordinate with
the covariant derivative under the SO(2k) monopole background. This is also expected from
the result in [22], where it was shown that an adjoint action of Gˆµ is mapped to the covariant
derivative under the monopole background for the k = 2 case 4.
The commutation relation (74) is valid at the north pole. It is natural to expect that this
relation exists without restricting to the north pole because a (fuzzy) 2k-sphere has the SO(2k+1)
symmetry. Therefore we suppose
[Xµ,Xν ] = 2α
2Gˆµν = 4iα
2r2Fµν , (75)
where the size of the matrices is Nk and µ, ν = 1, · · · , 2k + 1. Fµν has been expressed by the Nk-
dimensional irreducible representation of SO(2k + 1). This relation is interesting in the following
4Functions on fuzzy spheres are expanded by an extended version of spherical harmonics [19]. The spectrum
of ad(G)2 was calculated by acting on the spherical harmonics, and compared it to the Hamiltonian in the four-
dimensional quantum Hall system, which is the square of the covariant derivative.
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sense. In the fuzzy sphere algebra (6) and (8), Gˆµν and Gˆµ are treated on the same footing. If we
regard Gˆµ as coordinates of a fuzzy sphere, Gˆµν acts on them as the SO(2k+1) rotation generator
(we may regard Gˆµν as coordinates of an extra space.). On the other hand, the role of coordinates
and that of a field strength in the dual description are clearly different. The relation (75) suggests
that the internal degrees of freedom Fµν should be identified with the rotation generator. This
is one of the characteristic aspects of noncommutative geometry. Such identification can be seen
as the lowest Landau level physics in a higher dimensional quantum Hall system [29, 30, 32] 5.
It is obtained by considering a motion of electrons in a monopole gauge field background [52].
Considering the analogy to the quantum Hall system can provide an intuitive explanation for
the agreement of two descriptions at large n. In this system, the angular momentum operator
Λµν = −i(xµDν − xνDµ) and the field strength (B.27) have the following relation;
Gµν = Λµν + 2ir
2Fµν . (76)
Λµν does not satisfy the SO(2k + 1) algebra due to the existence of the monopole background,
and it is Gµν that satisfies the SO(2k + 1) algebra. The angular momentum generated by Λµν
characterizes the Landau level, and therefore the representation of Gµν depends on the Landau
level. The restriction to the lowest Landau level is achieved by Λµν ≃ 0. Since the magnitude of
the field strength F in (72) is given by O(n/r2), the contribution of the second term in the right
hand side of (76) becomes large compared to the first term in a large n limit. Therefore the field
strength Fµν is identified with the rotation generator Gµν in the lowest Landau level. It can be also
shown that Gµν is given by the spinor representation of SO(2k+1) [29, 30, 32]. This limit is just
the strong magnetic field limit. As is well known in the two-dimensional quantum Hall system,
guiding center coordinates are identified with coordinates of electrons in the strong magnetic field
limit. Accordingly coordinates of electrons are described by noncommutative geometry. Fuzzy
spheres are actually realized in the higher dimensional quantum Hall system after we take the
lowest Landau level limit. This is an intuitive explanation for the agreement of two descriptions
in the large n limit.
In the previous paragraph, we have discussed a large n limit. We have two parameters r and
lnc, and the ratio between them is r/lnc ≃
√
n. Therefore there are two kinds of large n limit .
One is realized by taking a large r limit with keeping the noncommutative scale lnc, the other by
taking a small lnc limit with keeping the radius r. Note that the radius r is not a physical radius
of the sphere. These two limits have the following meanings. If we see a fuzzy sphere from a
short distance, a noncommutative structure can be seen. On the other hand, if we see from a long
distance, a fuzzy sphere looks like a commutative sphere. These parameters have to satisfy (44)
or (45). In the first limit, we should consider (45). We need to take a large n limit with keeping
lnc small compared to the string scale. In the second limit, we need to take a large n limit with
keeping r large compared to the string scale. The first limit is the same as one which is used in
[47].
We shall now look more carefully into the equation (75). In (75), the field strength was
5Some works investigating higher dimensional quantum Hall system have also been reported in [53, 54, 55, 56, 31].
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regarded to be given by Gˆµν as
Fˆµν =
1
2ir2
Gˆµν , (77)
where r2 = α2n(n + 2k). The field strength on a (commutative) 2k-sphere is originally given in
(B.27). The equation (77) manifests that the field strength is completely expressed by a matrix.
In other words, a noncommutative description of (B.27) is (77). The coordinate dependence has
disappeared, and the information of the coordinate is given by the eigenvalue of the matrix. The
index of the matrix represents not only the color space but also the coordinate on the sphere. The
noncommutativity of the coordinate and that of the nonabelian gauge field are mixed. We can no
longer distinguish them. Noncommutative geometry mixes the two kinds of space in an interesting
way. These facts can be summarized in the following sentences. A fuzzy 2k-sphere is provided by
an Nk × Nk matrix. This means that Nk quanta (or D-particles) form a fuzzy 2k-sphere. The
space of a nonabelian gauge field is formed by Nk−1 quanta, and Nk/Nk−1 represents the number
of points on the sphere. The matrix space of a fuzzy 2k-sphere has a structure such as locally
S2k× fuzzy S2k−2, where the fuzzy S2k−2 construct a nonabelian gauge field. This structure was
suggested in [20, 21] from the algebraic point of view.
In the latter part of this section, we consider a large n limit which relates a fuzzy sphere with
a fuzzy plane. Since the radius r is related to n, we can make r large by taking a large n. In this
limit, a fuzzy sphere looks like a fuzzy plane and we can formally obtain a fuzzy plane. Such a
large n limit for the fuzzy sphere algebra was discussed in [21]. The fuzzy sphere algebra basically
reduces to some sets of the Heisenberg algebra (∼ two-dimensional noncommutative plane). Since
the fuzzy 2k-sphere is a k(k+1)-dimensional space, k(k+1)/2 sets of the Heisenberg algebra are
obtained. We now confirm that the field strength reduces to abelian (or commutative) because
a two-dimensional noncommutative plane is realized by introducing an abelian gauge field. Since
the field strength is given in terms of coordinates of (lower) dimensional fuzzy sphere as in (72),
we can use the calculation of [21]. We show only results. For the k = 2 case, the field strength
reduces to
F12 = −F34 ≃ n
2r2
1 =
1
2l2nc
1, (78)
and other components are zero. We thus obtained two U(1) gauge fields. Nonzero components of
the field strength for the k = 3 and k = 4 cases can also be shown as
F12 = −F34 = −F56 ≃ n
2r2
1 =
1
2l2nc
1 (79)
and
F12 = −F34 = −F56 = −F87 ≃ n
2r2
1 =
1
2l2nc
1 (80)
respectively. As expected from the correspondence between a noncommutative plane and an
abelian gauge field, the nonabelian gauge fields have reduced to some abelian ones. The charges
of lower dimensional branes no longer vanish after we take this large n limit.
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6 Summary and Discussions
To describe higher dimensional D-branes by using lower dimensional D-branes, we need non-
commutative geometry. This description is closely related to the matrix model description of
D-branes. It is known that such a higher dimensional D-brane is not just pure a D-brane but a
bound state of a higher dimensional D-brane and lower dimensional D-branes. Lower dimensional
D-branes bounded on them are expressed by a gauge field configuration with nonvanishing Chern
characters. In this sense, gauge field configurations on D-branes are dual to noncommutative
geometry. To understand the dual description is directly connected with to understand noncom-
mutative geometry. We expect that such studies help us to know the role of noncommutative
geometry in string theory.
To consider such relationships not only for flat D-branes but also for curved ones is an impor-
tant subject. A fuzzy sphere is used in matrix models to construct a spherical geometry. We can
interpret it as a bound state of spherical D-branes and D0-branes. D0-branes on higher dimen-
sional spherical D-branes are regarded by a nonabelian gauge configuration. Higher dimensional
fuzzy spheres have some unusual features. One of them is that the number of the dimension
of fuzzy spheres is different from that of usual spheres. The dimension of a fuzzy 2k-sphere is
k(k + 1). k(k − 1) dimensions are clearly extra compared to a usual 2k-sphere. The role of them
for constructing noncommutative geometry is essential. The origin of them has been considered as
the use of nonabelian gauge fields. In this paper, we considered two description for a bound state
of D0-branes and D2k-branes in a constant R-R (2k + 2)-form field strength background. The
first is the D0-brane description, and the second is the D2k-brane description. A fuzzy 2k-sphere
appears as a classical solution of a matrix model of D0-branes. A dual description of this is ob-
tained by introducing nonabelian gauge fields. We compared some quantities such as the values of
the potential, the radius of sphere and lower dimensional brane charges for these two descriptions.
These two descriptions provide different results because each description can be trusted in different
parameter regions. Taking a large n limit leads to the agreement of various quantities including
the coefficients. We provided an explanation for the large n limit by considering the analogy to a
quantum Hall system. The large n limit can be interpreted as the lowest Landau level condition.
We finally arrived at the conclusion that a fuzzy 2k-sphere is the same object as Nk−1 D2k-branes
with an SO(2k) gauge field in the limit of large n. When n is large, we can relate commutative
variables with noncommutative variables. Not only the coordinates on spherical D-branes but also
a nonabelian gauge field strength are expressed by noncommuting matrices.
The fuzzy sphere algebra is composed of two kinds of matrix, Gˆµ and Gˆµν . Although both
form the noncommutative algebra (6) and (8) and are treated on the same footing, the origin
of noncommutativity of them is different. Noncommutativity of Gˆµ is due to the existence of a
magnetic field. On the other hand, that of Gˆµν comes from the nonabelian property of the field
strength.
Investigating the dynamics of curved D-branes is an important subject. The fuzzy two-sphere
shows an interesting classical dynamics. Reducible representations of SU(2) including separated
D0-branes are unstable, condensing to an irreducible representation as a stable state [44]. 6 It is,
6This phenomenon is investigated from the viewpoint of the tachyon condensation in [45].
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however, not expected to see a similar phenomenon in the case of higher dimensional fuzzy spheres.
A big difference which distinguishes higher dimensional fuzzy sphere from fuzzy two-sphere is that
N1 can take any integers while Nk(k 6= 1) cannot. The fact that the size of the matrix is limited
is due to the use of higher dimensional algebra 7. This is related to the fact that the coefficient of
the coupling to the R-R field strength depends on n (see (23)). These facts which cannot be seen
in the case of fuzzy two-sphere would restrict the dynamics of higher dimensional noncommutative
branes. Another difference is found by seeing the equation (25), which shows that classical energy
of higher dimensional spheres is higher than that of D0-branes. Accordingly higher dimensional
fuzzy spheres have a classical instability. Taking account of these facts, to study the dynamics
of higher dimensional fuzzy spheres including quantum corrections [48, 49, 50] is an interesting
future subject.
It is also interesting to investigate a dual description for another noncommutative curved brane.
It would be worth while examining a noncommutative CP 2, which is realized by the SU(3) algebra.
Some extra dimensions also exist in noncommutative CP 2, which is studied from the algebraic
point of view in [45]. Exactly speaking, the existence of them depends on the representation of
SU(3). The choice of the representation is related to the choice of the gauge group in a dual
description. The construction of the quantum Hall system on CP 2 [51] suggests this relationship.
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A Some Formulae of Fuzzy Sphere
In this appendix, we summarize several formulae involving Gˆµ and Gˆµν in diverse dimensions.
The dimension Nk is given by
N1 = n+ 1, N2 =
1
6
(n+ 1)(n + 2)(n + 3),
N3 =
1
360
(n+ 1)(n + 2)(n + 3)2(n+ 4)(n + 5),
N4 =
1
302400
(n+ 1)(n + 2)(n + 3)2(n+ 4)2(n + 5)2(n+ 6)(n + 7), (A.1)
where n is a positive integer. We have the following relations
GˆµGˆµ = n(n+ 2k) (A.2)
and
GˆµνGˆνµ = 2kn(n + 2k). (A.3)
7This is also true for a noncommutative CP 2, which is constructed from the SU(3) algebra.
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The following relations are also satisfied
GˆµνGˆν = 2kGˆµ (A.4)
and
GˆµνGˆνλ = n(n+ 2k)δµλ + (k − 1)GˆµGˆλ − kGˆλGˆµ. (A.5)
Gµ satisfy the following relation
ǫµ1···µ2kµ2k+1Gˆµ1 · · · Gˆµ2k = CkGˆµ2k+1 (A.6)
where ǫµ1···µ2kµ2k+1 is the SO(2k + 1) invariant tensor. Ck is a constant which depends on n,
C1 = 2i, C2 = 8(n + 2), C3 = −48i(n + 2)(n + 4), C4 = −384(n + 2)(n + 4)(n + 6). (A.7)
The details of this calculation are given in [23]. By multiplying the equation (A.6) by Gˆµ2k+1 , we
have
ǫµ1···µ2kµ2k+1Gˆµ1 · · · Gˆµ2k Gˆµ2k+1 = Ckn(n+ 2k)
=
i
2(k + 1)
nCk+1, (A.8)
where we have used the following relation which is found from (A.7),
Ck = −i2k(n + 2k − 2)Ck−1. (A.9)
B Hopf map and Berry phase
In this section, we review the construction of the monopole gauge field on an even-dimensional
sphere [52, 58] by using the Hopf map [59, 29, 30, 32].
We now consider the first Hopf map. It is known as a map from S3 to S2, and naturally
introduces a U(1) bundle on S2. We prepare the following projection operator,
P =
1
2
(12 + nµσµ) =
(
1 + n3 n1 − in2
n1 + in2 1− n3
)
, (B.10)
which satisfies P 2 = P . xµ = rnµ is a coordinate of S
2. The eigenstate of P is given by
|vN 〉 = 1
NN
P
(
1
0
)
=
1
N1
(
r + x3
x1 + ix2
)
, (B.11)
where NN =
√
2r(r + x3) is a normalization factor, which ensures 〈v|v〉 = 1. The Berry phase is
defined [59] as
γN = −i
∫ t
0
dτ〈v(τ)| d
dτ
|v(τ)〉 = −i
∫ t
0
〈v|d|v〉
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=∫ t
0
AµNdxµ. (B.12)
ANµ is the Dirac monopole:
AN = A
µ
Ndxµ =
1
2r(r + x3)
(x1dx2 − x2dx1) = 1
2r(r + x3)
ǫabxadxb, (B.13)
which is singular at x3 = −r. A monopole solution which is singular at x3 = r is obtained by
replacing |vN 〉 with
|vS〉 = 1
NS
P
(
0
1
)
, (B.14)
where NS =
√
2r(r − x3). The field strength of the Dirac monopole is calculated as
Fµν = ∂µAν − ∂νAµ = 1
2r3
ǫµνρx
ρ. (B.15)
We next consider the second Hopf map: S7 → S4. This gives an SU(2) bundle on S4. The
construction can be done in the same way as in the first Hopf map. The projection operator we
need in this case is
P =
1
2
(14 + nµΓµ) =
(
1 + n5 n4 − iniσi
n4 + iniσi 1− n5
)
. (B.16)
Our notation of the five-dimensional gamma matrix is
Γi =
(
0 −iσi
iσi 0
)
, (i = 1, 2, 3)
Γ4 =
(
0 12
12 0
)
, Γ5 =
(
12 0
0 −12
)
, (B.17)
where σi is the Pauli matrices. They satisfy the Clifford algebra
{Γµ,Γν} = 2δµν . (B.18)
The SU(2) gauge potential is obtained by calculating the Berry phase,
AN = A
µ
Ndxµ =
1
2r(r + x5)
(σijxidxj + σix4dxi − σixidx4)
= − 1
2r(r + x5)
ηiαβxβσidxα, (B.19)
where σij ≡ 12i [σi, σj ] = ǫijkσk. This is called the Yang monopole [52]. This is singular at the
south pole x5 = −r. We have introduced the t’Hooft symbol;
ηiαβ = ǫiαβ4 − δiαδ4β + δiβδ4α, (B.20)
where the nonzero values are η123 = η
1
41 = η
2
31 = η
2
42 = η
3
12 = η
3
43 = 1. We note that Σ
N
µν ≡ iηiµνσi
satisfy
[ΣNµν ,Σ
N
λρ] = 2
(
δνλΣ
N
µρ + δµρΣ
N
νλ − δµλΣNνρ − δνρΣNµλ
)
. (B.21)
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ΣNµν is actually a left upper part of the matrix Γµν (µ, ν = 1, · · · , 4), where Γµ is given by (B.17).
We define the field strength as follows,
Fµν ≡ −i[Dµ,Dν ] ≡ −i[∂µ + iAµ, ∂ν + iAν ]
= ∂µAν − ∂νAµ + i[Aµ, Aν ]. (B.22)
The field strength for the Yang monopole (B.19) is
FN5α = −
r + x5
r2
Aα
FNαβ =
1
r2
(
Aαxβ −Aβxα + 1
2
ηiαβσi
)
, (B.23)
where α, β = 1, · · · , 4.
We next consider the monopoles on S6 and S8. As a generalization of the monopoles on S2
and S4, it is natural to start with the following projection operator
P (k) ≡ 1
2
(12k + nµΓµ) =
(
1 + n2k+1 n2k − iniγi
n2k + iniγi 1− n2k+1
)
, (B.24)
where k = 3, 4. An explicit form of the 2k × 2k (2k + 1)-dimensional gamma matrix is
Γi =
(
0 −iγi
iγi 0
)
, (i = 1, . . . , 2k − 1)
Γ2k =
(
0 12k−1
12k−1 0
)
, Γ2k+1 =
(
12k−1 0
0 −12k−1
)
, (B.25)
where γi is the (2k − 1)-dimensional gamma matrix. This map was used in [32] to construct a
higher dimensional quantum Hall system. One may notice that the map for k = 4 case is different
from the third Hopf map. The calculation of the Berry phase introduces the following SO(2k)
monopole field on S2k:
AN = A
µ
Ndxµ = −i〈v|d|v〉 = −i
(
1 0
) P (k)
N (k)
d
(
P (k)
N (k)
)(
1
0
)
=
1
2r(r + x2k+1)
(−iγijxidxj + γix2kdxi − γixidx2k)
=
−i
2r(r + x2k+1)
ΣNαβxαdxβ (B.26)
where ΣNαβ = (Σ
N
ij ,Σ
N
2k,i) ≡ (γij, iγi) = (12 [γi, γj ], iγi) is the spinor representation of SO(6), sat-
isfying the algebra of (B.21). ΣNαβ is a subspace of Γαβ (α, β = 1, · · · , 2k) which is labelled by
Γ2k+1 = 1, where Γµ is the (2k + 1)-dimensional gamma matrix (B.25). The gauge field strength
corresponding to the above monopole gauge field is
FN2k+1α = −
r + x2k+1
r2
Aα
FNαβ =
1
r2
(
Aαxβ −Aβxα − i
2
ΣNαβ
)
, (B.27)
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where α, β = 1, · · · , 2k. These monopole fields have the SO(2k + 1) symmetry.
At the north pole (xα = 0, x2k+1 = r), the field strength becomes F2k+1α = 0, Fαβ = − i2r2ΣNαβ.
The field strength on S2k (k = 2, 3, 4) at the north pole satisfies the following relations,
ǫαβγδF
γδ = −2Fαβ ,
ǫα1α2α3α4α5α6F
α3α4Fα5α6 =
4
r2
(n+ 2)Fα1α2 ,
ǫα1α2α3α4α5α6α7α8F
α3α4Fα5α6Fα7α8 = −12
r4
(n+ 2)(n + 4)Fα1α2 . (B.28)
The first one is a (anti)self-dual relation of the instanton, and the second and the third ones are
considered as a higher dimensional generalization of the self-dual relation.
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